Introduction
Let G = (G, ·) be a group. A (right) skew brace with additive group (G, ·) is a triple (G, ·, •), where • is an operation on G such that (G, •) is also a group, and the following axiom holds (xy) • z = (x • z) · z −1 · (y • z), for x, y, z ∈ G.
(1.1)
The group (G, •) is called the circle group of the skew brace. According to L. Childs [Chi19] , such a skew brace is called a bi-skew brace if (G, •, ·) is also a skew brace.
It is well known that the specification of a skew brace with additive group (G, ·) corresponds to the choice of a regular subgroup of the holomorph Hol(G) of (G, ·). We recall the details of this correspondence in Section 2.
The goal of this paper is to discuss the concept of a bi-skew brace from the point of view of regular subgroups, and of the associated gamma functions, as defined and used by F. Dalla Volta, E. Campedel, I. Del Corso and the author in [CDVS06, CDV17, CDV18, Car18, CCD19] . From this discussion, which we carry out in Section 3, it will follow among others that the multiple holomorphs studied by T. Kohl [Koh15] , F. Dalla Volta and the author [CDV17, CDV18] , the author [Car18] , and C. Tsang [Tsa20] all yield examples of bi-skew braces.
Finally, building on a construction of Childs, in Section 4 we exhibit various methods for constructing more examples of bi-skew braces, and review from the point of view of bi-skew braces results of J. C. Ault and J. F. Watters [AW73] about the occurrence of nilpotent groups of nilpotence class 2 as circle groups of skew braces.
Preliminaries
We reprise the following from [CCD19] . Let G = (G, ·) be a group. There is a one-to-one correspondence between binary operations • on G, and maps γ : G → G G , where G G is the set of maps from G to G, given by
We have the following correspondence between certain properties of the operation •, and certain properties of the corresponding map γ.
x, y ∈ G • admits inverses γ(g) is bijective, for g ∈ G In the table, each property of • on the left is equivalent to the corresponding property of γ on the right, with the one exception that to prove the left-to-right implication in the last line one also uses the assumptions in the second line. The fact that (G, •) has an identity follows from the assumptions in the first line.
Taken together, the properties in the left column state that (G, ·, •) is a (right) skew brace. A function γ satisfying the properties in the right column is called a gamma function, or a GF for short. We will actually need the following
γ is said to satisfy the gamma functional equation
for all g, h ∈ A. γ is said to be a relative gamma function (or RGF for short) on A if it satisfies the gamma functional equation, and A is γ(A)-invariant.
If A = G, a relative gamma function is simply called a gamma function (or GF for short) on G.
Remark 2.2. Note that, referring to the table above, a GF γ on G is a homomorphism of groups γ : (G, •) → Aut(G). In particular ker(γ) = {g ∈ G : γ(g) = 1} is a normal subgroup of (G, •), but in general only a subgroup of (G, ·).
Recall that the right regular representation is the homomorphism
where S(G) is the group of permutations on the set G. The (permutational) holomorph of a group G is the normaliser of the image of the right regular representation ρ of G,
The data of the above table are equivalent to specifying a regular subgroup N of the holomorph Hol(G), as the set of maps
For the details, see the discussions in [CDV18, CCD19].
Remark 2.3. In the rest of the paper, we will freely use the fact that, given a group (G, ·), any of the following data uniquely determines one of the others (1) an operation • on G such that (G, ·, •) is a skew brace, (2) a regular subgroup N ≤ Hol(G), and (3) a gamma function γ : G → Aut(G).
We also recall from [CCD19, Proposition 2.21] that, given a regular subgroup N ≤ Hol(G) with associated GF γ, the GF associated to the regular subgroup N inv ≤ Hol(G) is γ(y) = γ(y −1 )ρ(y −1 ).
Here inv ∈ S(G) is the inverse map x → x −1 on G, which normalises Hol(G), and thus acts by conjugacy on the set of regular subgroups of Hol(G). This construction is equivalent to the opposite skew brace construction of [KT20] .
Regular subgroups of the holomorph, and gamma functions
3.1. Regular subgroups. A skew brace (G, ·, •) is said to be a biskew brace if (G, •, ·) is also a skew brace [Chi19] . Given an arbitrary group (G, ·), the trivial skew brace (G, ·, ·) is clearly a bi-skew brace. We reinterpret this definition in terms of regular subgroups and gamma functions. Let (1) γ be the GF associated to (G, ·, •), that is
Therefore, for x, y ∈ G, we have
(3.1)
This implies, as per Remark 2.2, that ker(γ) = ker(γ ′ ) is normal in both (G, ·) and (G, •). Now to say that (G, ·, •) is a skew brace is equivalent to saying that γ maps G to Aut(G), and that γ satisfes the GFE
is also a brace, then the values of γ ′ , and by (3.1) also of γ, are in Aut(G, •). Thefore we have, for x, y, z ∈ G,
and also
It follows that for y, z ∈ G we have
This also implies that γ : G → Aut(G) is an anti-homomorphism, as
Therefore conditions (3.2) and (3.3) are a weaker form of the conditions Theorem 5.2(2) of [CDV18] (see Subsection 3.3 below) Note that (3.3) is actually equivalent to (3.2) for a gamma function γ on (G, ·). In fact, assuming (3.3) we have
Conversely, it is immediate to see that if the GF γ on G satisfies (3.2), and thus also (3.3), then the map γ ′ : y → (x → x γ(y) −1 ) is a GF on (G, •), whose associated operation is "·". In fact we have, for x, y, z ∈ G,
and finally
We can now state the following theorem, in which we use the convention of Remark 2.3, and write
Theorem 3.1. Let G = (G, ·) be a group.
The following data are equivalent:
(1) A bi-skew brace (G, ·, •);
(2) a regular subgroup N of Hol(G) which is normalised by ρ(G);
(3) a GF γ : G → Aut(G) which satisfies,
Definition 3.2. We will refer to a GF on G which satisfies the conditions of Theorem 3.1 as bi-GF.
x ∈ G} be the regular subgroup of Hol(G) associated to the skew brace (G, ·, •) and the GF γ. We have, for x, y ∈ G we have
Therefore (2) and (8) are equivalent.
We now prove that (7) and (8) are equivalent, and that they imply (3).
Taking y ∈ ker(γ) in (7) or (8) we see that ker(γ) G, so that the two conditions are equivalent.
Clearly (6) is a restatement of (7). Finally, (5) implies on the one hand that γ is a GF, as for x, y ∈ G we have γ(x γ(y) y) = γ(y)γ(x) γ(y) = γ(x)γ(y), and then also, for x, y ∈ G,
that is, (8) holds.
3.2. Cubes. In [CDVS06, FCC12] it is proved that if (G, +, 0) is an abelian group, then the abelian regular subgroups N ≤ Hol(G) can be described via the structures of commutative, radical rings (G, +, * ). In [CDVS06] , the condition that N normalises ρ(G) was shown to be equivalent in this context to
We now show that Theorem 3.1(7) translates as expected to 3.4 in this context. Recalling from [CDVS06, FCC12] that we have
the additive version of Theorem 3.1(7) reads
3.3. A stronger condition. In [CDV17, CDV18, Car18] the regular subgroups N of Hol(G) which are normal in Hol(G) = Aut(G)ρ(G) were studied. Clearly this is a stronger condition than Theorem 3.1(2). We also note that regular subgroups N Hol(G) correspond to the GF's γ on G which satisfy
which is again a stronger condition than Theorem 3.1(4).
We obtain thus the following results, which shows that the groups of [Koh15, CDV17, CDVS06, CDV18, Car18, Tsa20] all yield examples of bi-skew braces.
Theorem 3.3. Let G = (G, ·) be a group.
(1) A skew brace (G, ·, •), such that Aut(G, ·) ≤ Aut(G, •);
(2) a skew brace (G, ·, •) which is unique of its isomorphism type among skew braces with additive group (G, ·); (3) a regular subgroup N Hol(G); (4) a regular subgroup N ≤ Hol(G) which is normalised by Aut(G); as Aut(G) is the stabiliser of 1 in Hol(G), so that (3) is equivalent to (4). As to (2), the isomorphism classes of skew braces (G, ·, •) correspond to the conjugacy classes of regular subgroups N of Hol(G), or equivalently, according to (3.5), the orbits of these regular subgroups under the action of Aut(G).
We now recall a result of Miller [Mil08] . In particular, the map
is well defined and bijective.
Note that a regular subgroup N ∈ H(G) satisfies N Hol(G), and thus yields a bi-skew brace. We obtain 
We have thus
Now it is shown in [CCD19, Lemma 2.12] that for a GF γ the condition γ([G, γ(G)] = 1 is equivalent to γ : (G, ·) → Aut(G) being a morphism.
We can now state the following 
Some constructions
We now record some constructions for bi-skew braces, which in particular cover, and generalise, the examples of [CDV18, Car18, Tsa20].
A result of Childs.
We begin with two generalisations of the following result of Childs, which we reformulate in our terminology. Then the map
for h ∈ H and k ∈ K, is a bi-GF on G.
We recall a result from [CCD19, Proposition 2.13].
Proposition 4.2. Let G be a group, and H, K ≤ G such that G = HK. is well defined, is a GF on G, and defines a bi-skew brace (G, ·, •). Moreover, the following are equivalent:
(1)γ is also a bi-GF, and (2) H G.
The bi-skew braces constructed in this way comprise in particular the bi-skew braces arising from the groups of [CDV18].
Proof. γ is clearly well defined because the intersection of H and K lies in the centre. Now γ restricted to H is a RGF. Proposition 4.2 shows that the extension (4.1) is a GF on G, which is readily seen to satisfy Theorem 3.1(3), as for j 1 , h 2 ∈ H and k 1 , k 2 ∈ K we have
Therefore γ is a bi-GF.
Ifγ is a bi-GF, then H = ker(γ) G. Conversely, if H G, then we can exchange the roles of H and K.
Pairs of compatible automorphisms of semidirect products.
With the second extension of Childs's result we are back to semidirect products, where we allow further GF's on H.
We start by recalling a fact from [Cur08, Theorem 1] about automorphisms of semidirect products. Let G be a semidirect product of K G by H ≤ G. An automorphism d of H can be extended to an automorphism of G that leaves K invariant, acting on K as a ∈ Aut(K), if and only if the relation
Note that d only determines a up to an element of C Aut(K) (ι(H)). We can thus consider the subset P of Aut(G) given by all automorphisms of G which leave H and K invariant, and act as d ∈ Aut(H) on H, and as a ∈ Aut(K) on K, where a and d are related by (4.2); we write such an automorphism as da.
Now P is clearly a subgroup of Aut(G), as if d 1 a 1 , d 2 a 2 ∈ P, then for their product d 1 a 1 d 2 a 2 = d 1 d 2 a 1 a 2 (4.2) yields, for h ∈ H,
We can now state Proposition 4.4. Let G be a semidirect product of K G by H ≤ G. Let γ ′ : H → P be a RGF that satisfies
In particular, γ ′ composed with the restriction to H is a bi-GF on H.
Then the map γ : G → Aut(G) defined by
Proposition 4.1 of Childs can be regarded as the special case of this, where γ ′ (h) = ι(h −1 ) maps H onto the subgroup
Proof. Proposition 4.2 yields that γ is a GF on G.
Now for h 1 , h 2 ∈ H and k 1 , k 2 ∈ K we have
so that γ is a bi-GF on G.
Bi-skew braces from bi-homomorphisms into the centre.
We now give a construction that generalises the examples of bi-skew braces coming from [Car18, Tsa20] .
Theorem 4.5. Let G be a group, and K ≤ Z(G).
Let
be a bi-homomorphism, that is, a function that is a homomorphism in each of the two variables. Then the function γ : G → G G given by
is a bi-GF, which satisfies the conditions of Proposition 3.6.
Proof. For x, y, z ∈ G we have, since ∆ takes values in the centre of G, 
that is, γ(x γ(y) ) = γ(x) = γ(x) γ(y) , for x, y ∈ G, as γ(G) is abelian. It follows that γ satisfies Theorem 3.1(5), and thus γ is a bi-GF. 4.5. Nilpotent groups of class two as circle groups. The construction of Theorem 4.5 is an analogue of the one used by J. C. Ault and J. F. Watters in [AW73, Theorem 1] to show that certain groups of nilpotence class 2 are the circle groups of a (nilpotent) ring, and in turn the circle groups of a brace. (A brace can be defined as a skew brace with abelian additive group, although the concept of a brace predates that of a skew brace [Rum07] .) It is still an open problem whether every nilpotent group of nilpotence class 2 is the circle group of a brace ([Ced18, Problem 10.5], [Ven19, Problem 32]). Theorem 4.5 can be used to reformulate the results of Ault and Watters in the context of bi-skew braces. To give an example, let G = (G, ·) be a nilpotent group of nilpotence class 2 which is uniquely 2-radicable, that is, each element g ∈ G has a unique square root g 1/2 . Let K = Z(G). Then Theorem 4.5 yields that (G, ·, •) is a bi-skew brace, so that (G, •, ·) is a brace with the original (G, ·) as the circle group.
